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Abstract. We present the calculation of multiphoton radiation effects in leptonic W-boson decays in the
framework of the Yennie-Frautschi-Suura exclusive exponentiation. This calculation is implemented in the
Monte Carlo event generator WINHAC for single W-boson production in hadronic collisions at the parton
level. Some numerical results obtained with the help of this program are also presented.

1 Introduction

Studying W-boson physics is an important way of testing
the standard model (SM) and searching for “new physics”.
This can be done in both electron—positron and hadron
colliders. In ete™ collisions, the main source of W bosons
is the process of W-pair production. This process was one
of the most important subjects of the LEP2 experiments
at CERN, run in the years 1996-2000; see e.g. [1,2]. It also
belongs to the main topics of a research program of future
linear colliders (LC); see e.g. [3]. In this process one can
measure precisely the W-boson mass and width as well
as non-abelian triple and quartic gauge-boson couplings!.
In hadron colliders (proton—proton or proton—antiproton),
the main source of W bosons is the process of single-W
production. The most precise measurements of the W-
boson mass and width in hadron colliders come from this
process; see e.g. [4]. It can also be used to extract par-
ton distribution functions (PDFs) and to measure parton
luminosities [5].

Among radiative corrections that affect the W-boson
observables considerably is the photon radiation in lep-
tonic W decays. It distorts the W-invariant-mass distri-
butions reconstructed from W-decay products in ete~
experiments [6,7] or W-transverse-mass distributions ob-
tained in hadron-collider experiments [8]. These distor-
tions are strongly acceptance dependent; see e.g. [7, 8].
This radiation also affects the lepton pseudorapidity dis-
tribution, which is the main tool for the PDFs and parton
luminosities measurements in the hadron colliders. There-
fore, precise theoretical predictions for the photon radia-
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L Actually, for the quartic gauge-boson coupling an addi-
tional gauge boson, v or Z, is required

tion in the leptonic W decays is of great importance for
both types of high-energy particle colliders. In order to be
fully applicable in a realistic experimental situation, such
predictions have to be provided in terms of a Monte Carlo
event generator (MCEG).

The O(a) electroweak (EW) radiative corrections in
the on-shell W decays were calculated analytically a long
time ago by several authors [9-12]. In the case of the
W -pair production in eTe™ colliders, the calculations of
the O(a)) EW corrections in a double-pole approximation
(DPA) were done in [13,14]. The latter were implemented
in the MCEG RacoonWW [14]. For single-W production
in hadronic collisions, the respective O(«) EW corrections
were calculated in [8,15-17]. The MCEG for this process,
including pure QED O(«) corrections, was provided long
ago by Berends and Kleiss [18]. The two-real-photon radi-
ation cross section in W decays was calculated in [19]. On
the other hand, the MC package PHOTOS [20] provides
a universal tool for the generation of photon radiation in
particle decays up to O(a?) in the leading-log (LL) ap-
proximation. This was used in the MCEG YFSWW [21]
for the simulation of radiative W decays for the W-pair
production process in eTe™ collisions.

To date, however, none of the existing MCEG for W-
boson physics included multiphoton radiation in leptonic
W decays through exclusive QED exponentiation. There-
fore, the influence of higher-order radiative corrections on
the W-boson observables was difficult to assess?. In this
paper, we provide the first calculation of the multipho-
ton radiation in leptonic W decays in the framework of
the Yennie-Frautschi-Suura exclusive exponentiation [22].
This calculation is implemented in the MCEG for single-
W production in quark—antiquark collisions called WIN-
HAC [23]. It is a starting point for the full MC program for
Drell-Yan-like single-W production at the proton—anti-

2 The calculation of [19] requires two visible photons in a
detector
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Fig. 1. The Born-level Feynman diagram for single-W pro-
duction in fermion—antifermion collisions

proton (Tevatron) and proton-proton (LHC) colliders.
The presented calculation as well as the respective MC
algorithm can also be implemented in the MCEG for W-
pair production in the eTe™ collisions, such as YESWW.

This paper is organized as follows. In Sect.2 we pro-
vide spin amplitudes for the Born-level process and for
the process with single-photon radiation in W decays. In
Sect. 3 we discuss the YFS exponentiation in leptonic W-
boson decays. Numerical results are presented in Sect. 4.
Section 5 summarizes the paper and gives some outlook.
Finally, the appendices contain supplementary formulae.

2 Spin amplitudes

In the calculation of matrix elements for the process of
single-W production in hadronic collisions, we use the
spin amplitude formalism of [24]. In this approach, spinors
are expressed in the Weyl basis, the vector-boson polar-
izations in the Cartesian basis, and the spin amplitudes
are evaluated numerically for arbitrary four-momenta and
masses of fermions and bosons. This evaluation amounts,
in practice, to multiplying 2 x 2 c-number matrices by 2-
dimensional c-number vectors. We give below the general
spin amplitudes for arbitrary fermions in the initial and in
the final states, and apply them later on to the single-W
production in g collisions with leptonic W decays.

2.1 Born level

The Born-level Feynman diagram for single-W production
in fermion—antifermion collisions

fi(p1,01) + fa(p2,00) — WE(Q, ) (1)

is depicted in Fig. 1, where (p;,0;) denotes the four-mo-
mentum and helicity (o; = =£1) of the corresponding
fermion, while (@, ) is the four-momentum and polar-
ization of the W-boson (A = 1,2, 3). The fermions f; and
f2 are members of SU(2)1, doublets with opposite values
of the weak-isospin third component and the pair f; fo is
the SU(3). singlet. The spin amplitudes for this process,
in the convention of [24], read

0 ieV.
M;)(Ula@?)\) = —ﬂif;v]: W-g, (P1) Wo, (P2) 02
X S(p27€%(Q7A)7p1):52’01 ) (2)

where e is the positron electric charge, Vy, r, is the element
of the weak-mixing matrix (the CKM matrix for quarks,
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Fig. 2. The Born-level Feynman diagram for W-boson decay

the MNS matrix for leptons® ), sw = sin fy, with y the
weak-mixing (Weinberg) angle;

wt(p) = /p° £ |pl; (3)

ew (@, A) is the W-boson polarization vector (x denotes
the c-number conjugation); and S(...) is the spinorial
string function, given explicitly in Appendix A. The above
spin amplitudes are identical for any color singlet of the
initial fermion pair f; fo.

The spin amplitudes for the Born-level W-boson decay,

WE(Q,\) — fi(q1. 1) + falaz, 72), (4)
shown diagrammatically in Fig. 2, are given by

7i€CVf1f2
V2sw
X S (qu EW(Qv )‘)7 Q2);7_‘,-2 )

MY Ns1i,m) = Wery (1) wry (g2) 72

()

where 71 5 denote the helicities of the final-state fermions,
and C' is the color factor,

C{\/g:

1: for leptons.

for quarks,

(6)

The above spin amplitudes can easily be translated
from the vector-boson Cartesian basis into the helicity ba-
sis, using the following transformations:

1
Mhel()\ = :I:) = ﬁ

Mupet(A =0) = M(\ = 3).

[FMOA=1) —iM(A=2)],
(7)

Then the Born-level matrix element for the single-W
production and decay is given by the coherent sum of
the above spin amplitudes over the W-boson polarizations
multiplied by the Breit—-Wigner function corresponding to
the W propagator:

1
Q% — M7, +iw (Q?)
< 3" M (01,000 MY (X1, ),
A

MO (o), 09511, 1) =

(8)

where

3 In the following we neglect the masses of neutrinos and
therefore do not consider mixing in the lepton sector
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My 'y - in the fixed-width scheme,
Q?I'w /My : in the running-width scheme.

w(Q%)= { 9)

It is known that the fixed-width and running-width
schemes are connected by an appropriate rescaling of the
line-shape parameters, here My, and Iy [25].

2.2 O(a) corrections

The cross section for Drell-Yan-like W production in
hadronic collisions is dominated by the resonant single-
W process. Therefore, it can be described to a good ac-
curacy with the help of the leading-pole approximation
(LPA) [15,17]. The non-LPA contributions are impor-
tant only for specific high-W-invariant-mass observables
(e.g. in “new physics” searches). In this paper we con-
centrate on the resonant W production; the non-resonant
contributions will be included later on. The O(a) EW
radiative corrections to the resonant single-W produc-
tion and decay can be divided in a gauge-invariant way
into the initial-state corrections (ISR), initial-final inter-
ferences (non-factorizable corrections) and the final-state
corrections (FSR); see e.g. [15,17]. The leading ISR (mass-
singular) QED corrections can be absorbed in the par-
ton distribution functions, in a way similar to the leading
QCD corrections [8,17,26]. In general, the ISR corrections
have a rather minor effect on the single-W observables at
hadron colliders [8, 26]. The non-factorizable corrections
are negligible in resonant W-boson production [8,15]. On
the contrary, the FSR corrections affect various W observ-
ables considerably [8]. This paper is devoted to the FSR,
and the other corrections will be considered in the future.
More precisely, our aim here is to give a theoretical de-
scription of the QED part of the FSR corrections in the
framework of the YFS exclusive exponentiation.

It is known that in processes involving the W-bosons,
the electroweak corrections cannot be split in a gauge-
invariant way into the pure-QED and pure-weak ones.
However, one can extract some parts of photonic cor-
rections that are gauge independent; see e.g. [9,15]. In
this paper we follow the approach of [9], where only the
infrared-singular and fermion-mass-logarithmic terms are
extracted from the virtual O(a) EW corrections and com-
bined with the real-photon contributions. They form the
so-called QED-like corrections. The rest of the virtual
photonic corrections can be combined with the genuine
weak-boson corrections to form the so-called weak-like cor-
rections. Another solution, based on the YFS separation
of the infrared (IR) QED terms, was presented in [15].
It differs from the previous one by subleading (non-log)
terms. It can also easily be implemented in our calcula-
tions. In this approach, however, the weak-like corrections
are slightly larger numerically. Of course, when the whole
O(a) EW corrections are included these two approaches
are equivalent. Since in this paper we deal with QED-like
corrections only, we have chosen the solution of [9], which
is closer to the full O(«) calculation. This, however, may
change in the future when also the weak-like corrections
are included.
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The major portion of the electroweak corrections can
be taken into account by using the so-called G, scheme,
i.e. parameterizing the cross section by the Fermi constant
G,, instead of the fine-structure constant «; see e.g. [17,27].
In our case, this amounts to the replacement

2 V2 )
e 2G,, M+, s
— ag, = LMW

47 T (10)

in the hard-process parts of the matrix elements.

2.2.1 Virtual and real soft-photon corrections

The virtual QED-like correction to the leptonic W-boson
decay, extracted from [9], reads
5(5ED(M’ ml) (11)
M M 1. M
_— {2 (111—1) ln&—i—an——l—fln— ,

71' my M my 2 my
where M is the W-invariant mass (i.e. M2 = Q?), m, is the
charged-lepton mass and m, a dummy photon mass (an
IR regulator). After combining the virtual correction with
the real-soft-photon contribution, one obtains the virtual
+ real-soft-photon correction (cf. e.g. [9,10]):

Sy (M, my) (12)

o M 2%k, 3. M w2
=—|2({In——-1])1 —In— - —+1
ﬂ{(nml >HM+2nml 6+ ’

where kg is the soft-photon cut-off, i.e. the maximum en-
ergy of the soft real photon up to which its contribution
has been integrated over. When the above correction is
combined with the appropriate real-hard-photon contri-
bution integrated over the remaining photon phase space,
one obtains the total QED-like correction to the W-boson
width [9, 18]

. a (7T 7w -
digho = & (24 _ 3) ~ 189 x 1074, (13)

which does not contain mass-logarithmic terms, in accor-
dance with the KLN-theorem [28,29], and is small nu-
merically. The above formulae were obtained in the small-
lepton-mass approximation, m; < M, which means that
the terms O(m?/M?) were neglected.

2.2.2 Real hard-photon radiation

Here we present the scattering amplitudes for single hard-
photon radiation in leptonic W-boson decays using the
spin amplitude formalism of [24] and the notation intro-
duced in the previous subsections. For the process

WE(Q,\) — filqr, 1) + folaa, 72) +v(k, k),  (14)
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given by the Feynman diagrams in Fig.3, we obtain the
O(«) spin amplitudes

M(Dl)()‘v 71,72, ’i)

2
1e CVf f
= _\/575\;/2 Wor, (q1) Wr, (q2) T2

k-q k-q k-Q
XS(CIhEW(Q»)\)»(]2);7_T2
Q.fl * _
9% o S (qheﬂy(k,/<;),k,eW(Q,)\),qQ)ThiT2
sz * -
_ mS (ql,eW(Q,)\),l</‘,67(lf7f<;),q2)717_72
Qw k- ew . _
- WS (Q176'y(k7"<‘-‘)5q2)7_17_7_2
Qw ew - €] B
+ Ms(ql,k,qz)ThTz}, (15)

where e, (k, k) is the xth polarization vector of the pho-
ton with four-momentum % (because the photon is mass-
less, k = 1,2); Qy,, Qf, and Qw are the electric charges
(in units of the positron charge) of the fermions fi, fo
and the W-boson, respectively; they satisfy the condition:
Qw = Qf, —Qjy,. The spinorial functions S(...) are given
explicitly in Appendix A. The QED gauge invariance for
these amplitudes means that
MP(ey = k) =0 (16)
D \&y ‘
We have checked numerically that after the replacement
€y — k in (15), the values of the spin amplitudes are
consistent with zero within the double-precision accuracy.
Then, the matrix element for single-W production and
radiative W decay can be obtained through

1
Q% — My, +iyw (Q?)
X ZM&S)((H,ag;)\)M(Dl)(A;Tl,Tzﬂ)a (17)
)

MY (01, 09; 71, T2, K) =

where the lowest-level spin amplitude /\/lgjo) for the single-
W production is given in (2). This matrix element is a
coherent convolution of non-radiative spin amplitudes for
W production and radiative spin amplitudes for W decay.
This means that it describes the photon radiation in the
W-decay stage only.

Wﬂ:
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Fig. 3. The Feynman diagrams for

W-boson decay including single real-

h photon radiation (in the unitary gauge)

As was noticed in [18], the matrix element for the
single-photon radiation in the Drell-Yan-like W produc-
tion process can be, in the fixed-width scheme, split gauge-
invariantly into the sum of matrix elements for radiative
W production convoluted with non-radiative W decay and
non-radiative W production convoluted with radiative W
decay. This can be achieved by exploiting the partial frac-
tion decomposition of a product of W-boson propagators
arising when the photon is emitted from an intermediate
W-boson line [18]. This simple decomposition, however,
does not work in the running-width scheme. In this case
we have

1 1
Q* = M, +ivw (Q%) Q" — Mg, +ivw (Q")

1 1 as)
| 2kQ" QP — ME +iyw (Q?)

< production

1 1 1
C Q- M +iw(Q%) 2kQ | 141w /My’
decay —

where @ and Q' are the W-boson four-momenta before
and after the emission of the photon with four-momentum
k: Q' = Q—k. The two terms in the square brackets corre-
spond to the radiative production and the radiative decay,
respectively, but they are multiplied by the factor (1 +
il'y /My/)~1. So in the case of the running-width scheme,
the partial fraction decomposition of the W-propagator
works modulo this multiplicative factor. However, includ-
ing the running W-boson width in the case of the photon
radiation off the W-line leads to a violation of the QED
Ward identity, see e.g. [30,31]. As was shown in [30], in
order to restore the respective Ward identity it is suffi-
cient to include the light-fermion-loop corrections to the
WW~ vertex. In the small-fermion-mass approximation
this amounts to multiplying the respective radiative am-
plitude by the factor

T'w
G =141 )
FLS +1MW

(19)

When we multiply our (18) by Grrs, the factor outside
the square brackets on the r.h.s. drops out, and we obtain
the decomposition of the corresponding amplitude into the
radiative production and the radiative decay — exactly as
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q ‘1™
Fig. 4. Production of a single W™ in quark—antiquark colli-
sions with multiphoton radiation in W-boson decay

in the fixed-width scheme. Therefore, our matrix element
of (17) for single-W production with radiative decays is
valid also in the running-width scheme. Let us finally re-
mark that although the compensating factor Gprg was de-
rived for the pure light-fermion-loop contribution to the
W-boson width, the respective Ward identity is satisfied
for any numerical value of I'yy. So, in particular, one may
use the radiatively corrected value of the W-width.

It should also be noted that in order to preserve a
gauge-independent definition of the W-boson mass and
width beyond the leading order, one should use, in both
the fixed- and running-width schemes, the pole rather than
on-shell W mass and width, see e.g. [32,33].

3 The YFS exponentiation
in leptonic W decays

As was mentioned in the Introduction, the main purpose
of this work is to provide a theoretical prediction for the
multiphoton radiation in leptonic W-boson decays within
the YFS exclusive exponentiation scheme. In this paper we
consider the process of single-W production in hadronic
collisions at the parton level, i.e.

a1 (p1) + @ (p2) — WH(Q)

— Ua) + vig) + (k1) +

(n=0,1,...), (20)

depicted diagrammatically in Fig.4. Here we do not rely

on the small-lepton-mass approximation, i.e. the formulae
below are given for arbitrary final-state lepton masses.

The O(a) QED YFS-exponentiated total cross section
for this process reads

tot d3 ld 4 (1) k
JYFSiZ 0 Pn (p17p27Q1aQZ7 1y---

ot 'Y(kn)v

3

where
g 1y A3k <
pll) = ¥ (@uike) ] 1_I1 0 S(Q, i, ki)0(k) — ks)

n
x 6 <p1 +tp2— @ — g — Zh)
=1

,(1) - B§1
X ﬂo (p1>p27qlaqlf)+z

i=1

(22)

)(plap%‘lequki) .
S(Q7ql7ki) ’

here,
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S@Q k) = (23)

e (Q  a)
472 kQ kql

is the soft-photon radiation (eikonal) factor and

Y(Q7 qi; ks) =2« |:§RB(Q7 qi; m’y) + B(Qa qi5 My, ks)i| (24)

the YFS form factor, where B and B are the virtual-
and real-photon IR YFS functions, given explicitly in Ap-
pendix B for arbitrary four-momenta and masses of
charged particles. These IR functions are regularized with
the dummy photon mass m., which cancels out in their
sum. The real-photon function B depends also on the soft-
photon energy cut-off ks <« FEgpy, which means that it
was integrated analytically over the photons with energies
E., < k. The photons with energies I, > ks are generated
exclusively with the help of Monte Carlo techniques. The
soft cut-off ks is a dummy parameter, i.e. the resulting
cross section does not depend on it, which can be checked
both analytically (e.g. by differentiating (22) over k) and
numerically (by evaluating the cross section for different
values of ks). One of the advantages of exponentiation is
that ks can be put arbitrarily low without causing any
part of the cross section to become negative — in contrast
to fixed-order calculations. In (22), 751) and Bgl) are the
YFS non-IR functions, calculated perturbatively through
O(a). We present them below in the center-of-mass (CM)
frame of the incoming quarks, i.e. the rest frame of W,
with the +z axis pointing in the quark ¢; direction.

The function Bél) is given by

G (pr, pas @i, 4v)

= 3 (p1, p2r a1, 40 [1 +6MV(Q,q,0.) |, (25)

where B(()O) is related to the Born-level cross section
through

150 _ ! doo
20 /A, mi /M, m, /M) 42

1 1 2
R <o>‘
165 (2m)2 12 Z ’M ’

with s = (@1 + q2)?* = Q% and )\(x, y,2) = 2 + 9% +
22 —2xy —2xz — 2yz. The factor L 15 i . % corresponds to
averaging over the initial-state quark spins and colors (the
color contents has been extracted explicitly), and the sum
> runs over all the initial- and final-state spin indices. In
(25), the correction

5(1) (Qa qi, Qy) = 6]‘-§)W(Qa qi,qv; m"/)
—2aRB(Q, qi;m~)

(26)

(27)

is the 1st-order non-IR correction to the 3 function, where
0w is the O(a) EW virtual correction. Since in this pa-
per we limit ourselves to the QED-like corrections, from

(11) and (59) we have
a ( M 1)
TlmE L2,
T m; 2

S (Q,ar) = (28)



330

Although (11) and (59) were obtained in the small-lepton-
mass approximation, m; < M, we have checked that the
above formula remains true for arbitrary lepton mass m; <
M (of course, under the assumption that d¢)pp contains
only the IR~ and mass-singular terms).

The function B&l) is the YFS non-IR function corre-
sponding to the single-real-hard photon radiation. It is
related to differential cross sections through

1_

iﬂil)(plaPQa q1,4v, k) (29)

o 1 d0'1 ~ 1 dO’O

= a0y dzioawdn, 0@k G
where

do, F 1 m|?

d()lkodkod(}k 2s (2m)% 12 Z ‘M ‘ (30)

with )
2la
/A(k) — ‘(U' (31)

|Gi|(M — k°) + Q?|E| cos O,

the phase-space factor (coming from the phase-space in-
tegration eliminating the energy-momentum conservation
6@ function for single-photon radiation), where 6, =

Z(qi,k); in the soft-photon limit A(k — 0) — A. The
sum Y in (30) again runs over the initial- and final-state
spin indices, this time inluding also those of the radiative
photon. Thus, we finally have

B%l)(plaan q,49v, k)

1 1 2
- - (1)‘
165 (27)° 12 2 ‘M
- S(QaQka)B(()O)(phanQZaQV)'

There are several advantages in using the matrix ele-
ments of Sect. 2. Firstly, the respective spin amplitudes are
derived without the assumption of the energy-momentum
conservation. Therefore, they can be used directly in eval-
uations of the above YFS [ functions over the multipho-
ton phase space, without the need to resort to any *
duction procedure”, which reduces the multiphoton phase
space to the 0-photon phase space for 3y and the 1-photon
phase space for (;; see e.g. [22,34]. Secondly, since the
spin amplitudes are obtained for massive fermions, there
is no need to use any phase-space slicing or subtraction
methods in order to separate mass singularities [17]. Us-
ing spin amplitudes instead of explicit analytical formu-
lae for the squared matrix elements may also be useful
for some dedicated studies, such as investigation of vari-
ous W-polarization contributions, “new physics” searches
(spin amplitudes can easily be modified to include some
“new physics” components), etc. And, which is important
in practice, the numerical evaluation of the matrix ele-
ments based on the above spin amplitudes is fast in terms
of CPU time. )

In computing the matrix element ) |M(1)| we ob-
served a loss of numerical precision ~ O(0.1%) when the

(32)
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angle between the radiative photon and the electron
(positron), O, was ~ O(1076). It turned out that most of
this precision loss was coming from huge numerical cancel-
lations between the terms in the universal eikonal factor
of (15) (the factor in front of the first S function). We
improved this by correcting the above matrix element ac-
cording to

Z‘M(l)r _>Z’M(1)‘2+500H7 (33)
where
Seont = | 167°5(Q, q1, k) k QI
levm) ] Z ‘./\/1(0))2 (34)

Algebraically, the two terms in the square brackets are
identical. Numerically, however, they can differ for ultra-
collinear photon radiation, owing to huge cancellations in
the second term leading to a loss of numerical precision.
Therefore, this correction effectively replaces the numeri-

cally unstable part of the matrix element |/\/l(1) ‘2 corre-
sponding to the second term in (34) with the numerically
safe one corresponding to the first term, obtained directly
from the particles four-momenta. We have checked that
the above modification is sufficient for the numerical pre-
cision of O(107%) for 0., < 107¢ and of O(10~%) for the
total cross section. By looking at (32) one can notice that
the part of the matrix element > ’M(1)|2 that is pro-
portional to the soft-photon factor S exactly cancels in
the calculation of the /3’9) function. We could, therefore,
perform this cancellation algebraically and thus avoid the
above numerical problems. We, however, keep this term in

> ‘M(l) ’2 because apart from the YFS exponentiation we
want to have in our program also the non-exponentiated,
fixed-order O(a) calculation. Since it is now calculated in
the same way as the second term in (32), it exactly cancels

numerically in the evaluation of the B§1) function.

This completes our description of the cross section for
the process (20) with the O(a) QED YFS exponentiation.
In order to compute this cross section and generate events,
we have developed an appropriate MC algorithm, which
will be described in detail elsewhere [23]. We will complete
this paper by presenting some results of numerical tests
of the corresponding MC program, called WINHAC.

4 Numerical results

We performed several numerical tests of the MC event
generator WINHAC, which implements the calculations
presented above. Here we discuss some of the results. We
considered the following process:

d+u— W~ — 1+, (35)
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where [ = e, p, 7. We have checked that the results remain
unchanged when we switch to the corresponding process
of W+ production and decay. Our MC calculations were
done using the G, scheme and the fixed-width scheme.
All the results below, unless stated otherwise, have been
obtained for the following input parameters:

mg =3 x 1073 GeV,
Vwa =1, my,, =0,
me = 0.511 x 1073 GeV,
m, = 1.77703 GeV,
My = 80.423 GeV,

my =6 x 1073,
m,, = 0.10565836 GeV,

Mz =91.1882 GeV

M?2 3G, M3 204
2 w mW s
sh=1—="W =W (g 28
v M YT v ( 37T>
o = 137.03599976, G, = 1.16639 x 1075 GeV 2,
og = 0.1185, Ecym = /5 = Myy. (36)

4.1 General tests

We have performed several numerical tests of the MC
event generator WINHAC aimed at checking the correct-
ness of the implemented matrix elements as well as the
corresponding MC algorithm.

In order to cross-check the matrix elements presented
here, we implemented in our MC program the matrix el-
ements of [18], which in the following we shall call B&K.
These latter matrix elements were obtained in the small-
lepton-mass approximation, m; < My ; their precision
therefore is of O(m?/M3E,), which for electrons gives
O(10719). Since our spin amplitudes are obtained for mas-
sive fermions, we performed the comparisons of these ma-
trix elements for electronic W-boson decays. We did this
by taking the difference between the corresponding MC
weights on an event-by-event basis and calculating the
average of this difference over the whole MC sample. For
both the Born-level and O(«) matrix elements, we reached
an agreement at the level of ~ 1078,

Then, we performed several tests to check the MC algo-
rithm of the program WINHAC. An important test of the
algorithm for MC integration and event generation accord-
ing to (21) is to reproduce fixed-order calculations. The
strict Born-level cross section can be obtained from (21)
by truncating the perturbation series in « at the lowest-
order term, which amounts to

Pg d®q o) _y
Tady () -y 37
@ ¢ " (87)

0,80t —

Within the multiphoton MC algorithm, this means calcu-
lating an appropriate weight if the photon number n =
0 and setting it to zero if n > 0. The Born-level total
cross section can be easily calculated analytically. In the
small-fermion-mass approximation and in the fixed-width
scheme it reads

O‘%‘Hﬂ-“/;hqu S
3655, (s— MZ)2+ M2, T2 "

tot __
0 =

(38)
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Table 1. The results for the total Born-level cross section
from the MC program WINHAC compared with the analyti-
cal calculation in the small-fermion-mass approximation. The
numbers in parentheses are statistical errors for the last digits

tot
Calculation 00" [nb]
e n T
Analytical 8.8872 8.8872 8.8872
WINHAC 8.8869 (2) 8.8873(2) 8.8808(2)

Table 2. The results for the O(a) QED-like correction to the
total cross section from the MC program WINHAC. The num-
bers in parentheses are statistical errors for the last digits

0 =0 /oft — 1

e m T

Calculation

WINHAC —1.5(3) x 107* —2.2(3) x 10™* —0.3(2) x 10~*

In Table 1 we compare the results for the total Born cross
section for e, p and 7 in the final state, calculated with
the MC program WINHAC with those obtained from the
analytical formula of (38). We see a very good agreement
between these two calculations for e and u. For 7 they
differ by ~ 0.1%, which can be explained by the 7-mass
effects (they are not negligible as in the case of e and p).

In a similar way, the first-order cross section can be
obtained from (21) by truncating the perturbative series
at O(a) beyond the Born level, i.e.

o_iot — d3ql d3QV
@ qd
x 8D (py +p2 —a — qv) By [1 + 0580 +Y]
P day K

q S K°
x 6B (p1+p2—q —q, — k) {Bil) + SBSO)]
x O(k° — k), (39)

where the first term on the r.h.s. corresponds to the Born
plus virtual and real-soft-photon contribution, and the
second term to the real-hard-photon contribution. In prac-
tice, this means that the first term is evaluated within the
multiphoton algorithm only for n = 0, the second only
for n = 1; otherwise the appropriate MC weights are set
to zero. In Table 2 we show the results from the program
WINHAC for the pure O(a) QED-like correction to the
total cross section. As can be seen, the results for e and
p are in good agreement with the numerical value of to-
tal QED-like correction to the W-boson width as given
in (13). For 7 we observe the difference of ~ 1.5 x 1074,
which again can be explained by the 7-mass effects.

In Table3 we compare the results for the O(«) hard-
photon correction as a function of the lower photon energy
cut-off kg, i.e.
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Table 3. The fraction of events (in%) with a photon energy
greater than ko at O(a) from the MC program WINHAC and
from the MC program of Berends and Kleiss [18] (denoted as
B&K) for Ecm = 90 GeV. The numbers in parentheses are
statistical errors for the last digits

k ¢ a

’ WINHAC B&K  WINHAC B&K
0.01  19.69(3) 19.7  10.11(2)  10.1
0.05 11.61 (2) 11.6 5.92(1) 5.9
0.10 8.31(2) 8.3 4.22 (1) 4.2
0.15 6.47(2) 6.5 3.27(1) 3.3
0.20 5.23 (1) 5.2 2.63 (1) 2.6
0.30 3.61 (1) 3.6 1.80 (1) 1.8
0.40 2.57 (1) 2.6 1.27 (1) 1.3
0.50 1.84 (1) 1.8 0.91 (1) 0.9
0.60 1.29 (1) 1.3 0.63 (1) 0.6
0.70 0.86 (1) 0.9 0.42 (1) 0.4
0.80 0.52 (1) 0.5 0.25 (1) 0.2
0.90 0.24 (1) 0.2 0.11 (1) 0.1

51 (ko) = %/ dE, doy 100% , (40)

o ko E

1 2l

for the center-of-mass energy Ecy = 90 GeV, obtained
from the program WINHAC and from the B&K MC pro-
gram [18]. The results of these two programs agree very
well within the statistical errors.

As the above fixed-order results from WINHAC have
been obtained in the framework of the YFS-type multi-
photon algorithm, they make us strongly confident in the
correctness of the corresponding MC algorithm.

In Table 4 we give the results for the total cross section
at the fixed O(«a)-level and including the YFS exponen-
tiation as given in (21). The YFS-exponentiation correc-
tions beyond O(«) are ~ 107, i.e. of the expected size of
higher-order corrections.

4.2 Distributions

Here we presents the results from WINHAC for some dis-
tributions at the Born level, with O(a) QED-like correc-
tions and including the YF'S exponentiation. These results
are given for two kinds of event selection: BARE, where
the corresponding observables are obtained from bare-
lepton four-momenta and no cuts are applied, and CALO,
where the photon four-momenta are combined with the
charged-lepton four-momenta if the opening angle
between their directions (g, E) < 5°; such photons are
discarded. No extra cuts are applied. The BARE accep-
tance is closer to experimental event selections for muons,
while the CALO is closer to the ones for electrons. We,
however, use them for both types of final states.

In Fig.5 we present the distributions of the electron
and muon energy for the fixed O(«a) corrections and for

W. Placzek, S. Jadach: Multiphoton radiation in leptonic W-boson decays

the YFS exponentiation. The upper plots show the abso-
lute distributions for the BARE and CALO acceptances,
respectively, while the lower plots show the relative differ-
ences between these two calculations, also for the BARE
and CALO acceptances. At the Born level, the charged-
lepton energy is fixed at E; =~ %\/5, therefore, the energy
tails for E; < % s in the above plots are the result of
the real-photon radiation in W-boson decay. The YFS-
exponentiation corrections beyond the fixed O(«a)-level are
large for the BARE acceptance: up to ~ 15% for electrons
and up to ~ 8% for muons — they differ for these two de-
cay channels. For the CALO acceptance these corrections
are smaller, up to ~ 4%, and they are almost identical
for electrons and muons. This is because in this case the
large corrections due to lepton-mass-log terms have been
excluded by the photon—lepton recombination. As can be
seen, the largest (negative) corrections are in the first ra-
diative bin (i.e. the second highest one in the upper plots)
and they change sign for low lepton energies.

In Fig. 6 we show the distributions of the hardest pho-
ton energy for the electron and muon W-decay channels.
The notation is similar to that in Fig.5. Again, for the
BARE acceptance the YFS-exponentiation corrections be-
yond the fixed O(«a)-level are large and they are different
for these two channels: up to ~ 15% for electrons and up to
~ 7% for muons. For CALO they are smaller, ~ 4%, and
similar in the two channels. The corrections are largest for
soft photons and decrease with the photon energy.

Finally, in Fig. 7 we show the distributions of the co-
sine of the hardest photon polar angle with respect to
the incoming quark direction; the notation is as in Fig. 6.
For the BARE acceptance the YFS-exponentiation cor-
rections beyond the fixed O(a)-level are large and almost
constant: ~ 28% for electrons and ~ 14% for muons. For
CALO they are smaller, 6-7%, and similar in the electron
and muon channels.

As can be seen from Figs. 5-7, the YFS exponentiation
affects sizably the radiative events. All the above distri-
butions have been obtained for the parton-level W-boson
production at fixed CMS energy. In the actual proton—
(anti)proton collisions the parton—parton CMS energy can
change, which leads to an enhancement of the FSR correc-
tions, in particular those due to the YFS exponentiation.
This will be investigated elsewhere [35].

5 Summary and outlook

In this paper we have presented the calculations of the
YFS QED exponentiation in leptonic W-boson decays.
We have provided the fully massive spin amplitudes for
the single W-boson production and decay, including the
single-real-photon radiation in W decays. We have ob-
tained the numerically stable representations of the YFS
form factor for the charged-particle decay. All this has
been applied to the process of Drell-Yan-like WW-boson
production in hadronic collisions and has been implemen-
ted, at the parton level, in the Monte Carlo event genera-
tor WINHAC 1.0. For this purpose, an efficient multipho-
ton MC algorithm has been developed. The above spin
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Table 4. The results for the fixed-O(a) and the YFS-exponentiated total cross
section from the MC program WINHAC. The numbers in parentheses are statis-

tical errors for the last digits

100 |

107 b
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0.20 1
0.10
0.00 :
—0.10 |

—0.20 |

Calculation 0" [nb]
e 7 T
Fixed O(a)-level 8.88564 (14) 8.88539 (12) 8.88047 (10)
YFS exponentiation 8.88390 (6) 8.88443 (9) 8.87859 (9)
Sexp = (0%8hg — ot Jot®  —2.0(1) x 107*  —1.1(1) x 107*  —2.1(0) x 107*
BARE CALO
10" & E 10" £ ™
: E - O for e™
e YFS expon.
- 100 - ¢ O(O[) for ,U7
] F ~ YFS expon.
_ 10—1 -
_ 1072 -
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—0.03 |
""""" b - —0.05 L =
10.0 20.0 30.0 40.0 d 10.0 20.0 30.0 40.0

Fig. 5a—d. Distributions of the charged-lepton energy for BARE and CALO acceptances
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Fig. 6a—d. Distributions of the hardest photon energy for BARE and CALO acceptances

amplitudes have been cross-checked with the independent
analytical representations of the appropriate matrix ele-
ments [18] and they have been found to be in very good
numerical agreement. We have also performed several nu-
merical tests of the implemented MC algorithm. The re-
sults of these tests make us confident in the correctness of
this MC algorithm.

Numerically, the YFS-exponentiation corrections be-
yond the fixed O(«) calculations are at the level of ~ 10~*
for the total cross section, which is the result of the KLN-
theorem. However, for some distributions they can amount

to between a few and over 20 per cent. These corrections
can be significantly reduced when a calorimetric-like re-
combination of radiative photons and charged leptons is
applied. Such a treatment is experimentally natural for
the electrons in the final state, but less obvious for the
muons.

Here we presented the calculations for the QED-like
corrections in the leptonic W-boson decays and for the
parton-level W-production process only. We are planning
to extend this, in the future, to the full proton—(anti)pro-
ton collisions and to include other O(«) electroweak cor-
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Fig. Ta—d. Distributions of the cosine of the hardest photon polar angle for BARE and CALO acceptances

rections. The next step would be the inclusion of the NLO
QCD effects as well as soft-gluon resummation correc-
tions. We are also going to perform further tests of the
program WINHAC at the O(«) and beyond, particularly
comparisons with independent calculations for various ob-
servables. Last, but not least, the full documentation of
the MC program WINHAC [23] is in preparation [37].
There, the details of the corresponding MC algorithm will
be given.

In this paper, we applied the QED YFS exponentiation
in leptonic W-boson decays to the single-W production
process at hadron colliders. However, it can also be used
to describe the photon radiation in W decays in the pro-
cesses of W-pair production at both hadron and electron—
positron colliders. In particular, it can be rather easily
implemented in our MC event generator YESWW [21] for
W W~ production in eTe™ collisions, which will be nec-
essary for the future linear colliders [3].
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A Spinorial string functions

Here we provide explicit formulae for the spinorial string
functions introduced in Sect. 2. The general such function
in the two-component Weyl-spinor basis reads [24]

S(pi, a1, ... ,an,pj)g‘iaj = Xjri(pi) [at,...,a,]"
XXor; (), (41)
where
N P — i +p3]
2T+ ) et + i)
<>=1f#+m1 (12)
X AR + ) L I+

are the two-component Pauli spinors corresponding to an
external fermion with four-momentum p = (p°,p) =
(0%, p, p?,p*); for p* = —|p] we choose

X+(p) = m ,

—1
o= (43)
The internal part of the above string function

a, ... an]™ = (d1)al(d2)—a .- (dn)(—1yn+1a (44)

is the product of 2x2 c-number matrices, where

a®Fa® F(a' —ia?)

= ) 45
()= F(at —ia?) a°+a? (45)
with a = (a’,a',a? a3) the four-vector in Minkowski

space.

As can be seen, the spinorial function S can be easily
evaluated numerically for arbitrary n. One can just com-
pute a product of internal 2 x 2 matrices (¢;)q, and then
multiply the resulting matrix by the external 2-dimensio-
nal c-number vectors x. However, the numerical evalua-
tion is more efficient if, instead of matrix-by-matrix mul-
tiplication, one performs matrix-by-vector multiplication.
In our computation of the function S, we start from mul-
tiplying the left-hand-side vector ! by the matrix (¢;)q,
and continue by multiplying the resulting vectors by the
consecutive matrices (¢;), until we reach the last matrix,
(ftn)o- The computation is completed by performing the
scalar product of the final vector of the above multiplica-
tion with the right-hand-side vector x.

Three polarization vectors of a massive vector-boson
with four-momentum & = (k°, k) = (k° k', k2, k%) and
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the mass m are, in the Cartesian basis, given by

1
(kA =1) = — (0,k'K> K°k>, k1) ,
K|k
(kA =2) = 1 (0,—k% k', 0),
kT
ko |]g‘2 1 7.2 1.3
6“(]{?,)\:3):m|l;| <ko,k ,k ,k 5 (46)

where kt = 1/(k1)2 + (k2)? is the transverse momentum.
For massless vector bosons, such as photons, e#(\ = 3) =
0, i.e. there are only two non-zero polarizations e#(\ = 1)
and (X = 2). Helicity eigenstates can be obtained from
the above polarization vectors through

enel(k, A =+) = L [Fe(k,A=1) —ie(k,A=2)],

2
€hel(k; A= 0) = e(ki, A= 3). (47)

B The YFS IR functions

In [36] we provided the general formulae for the YFS
IR functions RB and B for a pair of charged particles
of arbitrary masses and four-momenta. This representa-
tion works very well for particle production or scattering
processes; however, it becomes numerically unstable for
charged-particle decays. Therefore, for the process

WE(Q) — £ (g) + W (¢),

we have to obtain different representations for these func-
tions. A specific feature of the above process is that a
QED-radiation dipole is stretched between a decaying par-
ticle (W) and a decay product (). For such a dipole, the
four-momentum transfer between its constituents is non-
negative,

(48)

t=(Q-q)?>0, (49)
in contrast to scattering processes. In such a case, the cor-
responding IR integrals have to be calculated in a slightly
different way than was done in [36] for ¢ < 0. Special care
is also needed for the limiting case t = 0, which occurs for
the two-body W-boson leptonic decay when the neutrino
mass is neglected. For the sake of numerical stability, it
has to be treated separately.

The YFS virtual- and real-photon IR functions for a

pair of charged particles with the four-momenta (Q, ¢) are
defined as follows [22]:

B(Q7Q§m'y)
_ ;/ dk
873 k:2—m%+is
2q — k 20 — k 2
8 <k2—2kq+is_ k2—2kQ+is> o (0)

B(Q7Q§ M, ks)

1 d3k 2
- e QN (51)
87T2 kO <ks k’o k'q kQ
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where m, is a dummy photon mass used to regularize the In the limit m < M we get
IR-divergent integrals (m, < ks), while ks is the soft-

photon cut-off, up to which the integration over the real- 2aRB(Q, q;m~) M (59)
photon four-momenta is carried over analytically (ks <
Q°). The explicit analytical formulae for these functions o {2 (m M 1) In 2 4 p2 M lln M 1} )
are presented below. m m M m 2 m 2
B.1 The virtual-photon IR function B.2 The real-photon IR function
For th l-photon IR functi btai
The virtual-photon IR function reads as follows: [I'o]rtt:e (ga_}()])Qo ;)n(): HRCHION e obtatl
[L]t=(Q—q)*>0:
20RB(Q, g;m) B(Q, q;my, ks)
: va@o -1l - a0
. 6 _ mv 1 = ; ) -
- W{[VA(Q7q) l]lan+2Al(Q7Q) ) ’Y
m
—vA3(Q.q)}, (52) — 5 Ale,9) - VA4(Q7Q)} : (60)
with with
1. Atv 1. 1-8 171
A =—1 53 =—Ihh—= ==
(Qv(I) 2\ 1n Mm ) ( ) A4(pap) 251 1 + 6 ﬂ pov (61)
M? — M 2>\2
A = 71 —— —A 2 54 1 V2
1(Q, q) f (Q,q) —2, (54) A4(Q,q) = p { In | — — (62)
2)\
A3(Q,q) = A(Q,q) In —— 1
11/, Av )\—V+M2 A+v x ) (=1 Zz;y1,y47y2,y3)+R(zi)]},
Ty a\lmpe T2 7 =0
1 )\—l—V A+ v—m?2 A+v where
1 In —2In 5 In —
m m
) R(z) = Y1a(2) + Y21(2) + Ya2(2) — Yaa(2)
+ —Innln(1 + 55 1
g in(l+m) (55) +§X(z;y1,y27y3,y4)X(z;yz,yg,yl,yz;),
1 . .
_ 21n§1n(1+§)+§RL12(—77)—%ng(—C)} , Yiy(2) = 2755(2) + 71 9 z_ 7
zZ—Y;
where — RLi, ( )
2= Yi
v=Qq, \A=+/(v—Mm)(v+ Mm), (2 — a)(z — b)
Q2= M2, ¢ =m?, M>m, XEabod =h|e—e—g) (6
— 2 2 _ 2
t=M"4+m*—2v, Mm<y<2(M +m), and
m2t A+v -
n= ;o (= n, 56
22N+ v —m?) m?2 (56) 20:‘%_1, 212@— :
and _ b Witk _ KV
- Y1 = ZT{TJFQ ; V} Y2 =Y s
Li =— - arg(l — <m, (b7 1 wé + K K
i2(y) /0 z tmo), Jarg{l—y)l <m (57) Ys = 57 {T—Q+ : Yo = Y3t gy
is the Spence dilogarithm function. k= (w?=1)(2-t), &=M—m,
II.] t = —¢)?=0:
L]t =(Q-q) w=M+m,T=\/A2—t, V=A+T,
20RB(Q, ;M) (58) A=Q"—¢" 2=Q°+4°, (64)

2
_ @ M In M 1) (1 ™ i 1 ) while v and A(Q), q) are as given in the previous subsec-
T M2—-—m2 m 2 tion. We have checked that this analytical representation
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is numerically stable for t = 107% GeV?, when computed
in any Lorentz frame, which is neither the W nor the [
rest frame. In these frames we need an explicit analytical
formula for A4(p,p) in the limit 8 — 0. It reads

(65)

In the W rest frame, i.e. for Q@ = (M, 6), the function
A4(Q, q) can be simplified to get

A4<Qaq)
1 mM—E+qu+q
2MG| M—-E-—-g M
2M—-—FE+q) . E+q
21n m In i
. (E—-q . (E+q
2RLiy [ —— ) — 2RLiy [ ——
+ g% 12( M > §R 12( M )
M—-E—-g
+M@< : ﬂ
—2q
—%UQCW_?+q>
2q
) M@+®—mv
+ RLi < -
2 2MG

(66)

where E = ¢", 4 =|q].

[II.] t = (Q — q)? = 0: For t = 0 the functions A(Q,q),
A4(Q,Q), As(q, q) can remain the same as for ¢ > 0, but
we need a new, numerically stable, representation for the
function A4(Q, ¢). It can be cast in the form

1 242 &6
A4(Q,q) = E |:1nu/21 571 + U(Zl) — U(ZO) 5
(67)
where
1 —_ —
U(Z) _ *ln2 (Z yl)(z y2)
2 zZ—1Y3
|z — |
+Inlz — In ————
| y1| (z—y2)2
+ 2RLis <y22”>+2%Lk2<y3y2);
2= Z=Y2
20 — Yi |Cﬂ |Q|
g =, = —, = — — 1;
5 21 — Yi 0 A A1 A
B 0 B 2 B 2m2 '
yl_A) y2_y1_2A27 ?JB——ZU1+ 2
A=Q"—¢", =M -m’. (68)
In the W rest frame we get
A4(Q7q> =
Q:(M70)
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Then, in the small-lepton-mass limit, m < M, we obtain a
simple expression for the function B in the W rest frame:

2O‘B(Q7Q§m’yaks) sz (70)
2

a&(mMﬂ4>m%ﬁ4¥ALHmM+1—”}.
™ m My m m 6

After combining this with the virtual-photon function of
(59), we obtain a simple expression for the YFS form fac-
tor in the W rest frame:

Y(Q,q;ks) o

! M 2ks 1. M 1 x?
—92({ln——-1|1 -In——-——>.
7r{ (nm >HM+2nm 2 6}

(71)

As can be seen explicitly, it is free from the IR singularity
as well as from the Sudakov double-logarithms.
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